The present work studies spectral properties of multilinear forms attached to the Berwald-Moor, Chernov and Bogoslovsky locally Minkowski Finsler geometric structures of m-root type. We determine eigenvalues and the corresponding eigenvectors (of type Z, H and E) of these forms, in the framework of symmetric tensors and multivariate homogeneous polynomials. The geometric relevance of the spectral data is emphasized, and the existent relations between spectra, polyangles and Riesz-type associated 1-forms of the corresponding geometric models, are described. As well, the best rank-one approximation for the 4-dimensional Berwald-Moor and Chernov cases, is derived.
Introduction
Recently, the class of m-root Finsler metrics provided challenging models for ecology [1] , for Relativity (the Roxburgh spherical symmetric models [31] ) and for HARDI (Higher Angular Resolution Diffusion Imaging, introduced by Astola and Florack [2] ). Moreover, these metrics proved to provide alternative non-standard models for Special Relativity, thus becoming a fruitful subject of research of the last decade [12, 21, [25] [26] [27] .
The present work deals with the super-symmetric tensors which are canonically determined by such structures, from the point of view of numerical multilinear algebra -a field which has highly developed in recent years. This new field of research involves computational topics regarding higher- order tensors, using specific notions as: tensor decomposition, tensor rank, multi-way eigenvalues and eigenvectors, lower-rank approximation of tensors, numerical stability and perturbation analysis of tensor computation, etc. (e.g. [4, 9, [13] [14] [15] [18] [19] [20] 29, 30] ). Among the multiple applications of this field, we mention: digital image restoration, multi-way data analysis, blind source separation and blind source deconvolution in signal processing, higher-order statistics, etc (e.g. [32] ).
Particularly, the blind source separation problem (BSS problem, or Independent Component Analysis -ICA) from signal processing has, among its aims, both interception and classification in military applications and surveillance of communications in the civil resort. The problem of blind separation of convolutive mixtures (the Blind Deconvolution problem) attempts to separate and statistically recover an independent stochastic process. Its main method relies on finding the best approximation to a cumulant symmetric tensor T by another, rank-one, tensor. In our paper, we determine the one-rank approximation for two of the investigated super-symmetric tensors. The present work relates the BerwaldMoor [25, 26] , Chernov [17] and Bogoslovsky [11] locally Minkowski Finsler metrics of m-root type to the main spectral properties of five symmetric attached symmetric tensors obtained by polarization,
(a) the H 4 Berwald-Moor metric and corresponding symmetric tensor in R 4 :
and the H 3 Berwald-Moor metric and tensor 1 : [25] [26] [27] . 2 The Bogoslovski form has been proposed as Finsler relativistic metric (in one of its alternatives) in earlier seminal works [11] , and has been recognized (e.g. [16] ) as a good candidate model for Special Relativity.
In the following, using the tools developed in [24, 29, 30] , we investigate spectral aspects of these five symmetric tensors, including, for the 4-dimensional case, the solution for the one-rank approximation problem. The emerging new geometric framework is tightly related to the hypercomplex polynumbers theory and their applications [25, 26] . This leads both to the enhancement of the algebraic subjacent theory due to the geometrical viewpoint, but also to the possibility of illustrating basic nontrivial and non-evident objects of the Berwald-Moor type approach by means of the relatively simple objects, such as the polynumbers [25, 26, 17, 27, 33] .
Eigenvalues and eigenvectors of symmetric tensors

Spectral data of Z, E and H type
Consider a symmetric tensor field
is an associated Z-eigenvector to λ, if they satisfy the system: 
In the complex case, λ and y are called E-eigenvalue and E-eigenvector, respectively.
Regarding the spectra consistency, it is known that σ Z (T) and σ H (T) are nonempty for even symmetric tensors, and that a symmetric tensor T is positive definite/semi-definite iff all its H (or Z) eigenvalues are positive/non-negative.
Geometric considerations
In general, while considering an m-multilinear symmetric form T defined on V = R n , we note that the definition of Z and H spectral data reveal certain relations between the polyangles [25] [26] [27] determined by the poly-scalar product T and classic Euclidean and Riemann-Finsler geometric structures, as follows:
(a) Denoting by δ the Euclidean inner product, the Z-eigensystem (2.1) for λ and y, can be written as:
i.e., the (m − 1)-polyangle determined by the poly-scalar product T and the classic Euclidean inner product, based on Z-eigenvectors of T, are homothetic while applied to Euclidean unit vectors. 3 In the positive-definite variational approach, a more relaxed requirement is the weak symmetry instead the stronger one of super-symmetry, namely: ∇(Ty m ) = mTy m−1 . The two concepts substantially differ, since there exist weakly-symmetric tensors,
, which are non-symmetric. Indeed, 
we note that the H-eigensystem (2.2) can be written as:
i.e., the (m − 1, 1)-polyangles of the poly-scalar products T and C, based on the H-eigenvectors of T, are homothetic for Euclidean unit vectors.
Algebraic considerations
The eigenvalues defined by (2.1) and (2.2) can be characterized in terms of homothety of linear forms, as follows:
(a) Consider the mappings δ * , T * :
i.e., the two defined by y Riesz linear forms attached to T and δ are homothetic with factor λ.
(b) The extended Riemann-Finsler metric F RF from (2.3) provides the associated mapping
i.e., the two Riesz-type linear forms attached to T and C defined by y are homothetic with factor λ. Analogously, for K = C, the last property can be rephrased for E-spectra.
Relations between Z, H, E and B-spectra
The concept of B-eigenvalue/eigenvector embraces both the H-and E-siblings and, in the even-order case, the Z-ones. Namely, for two m-order n-dimensional symmetric tensors T, B, we call B-eigenvalue and corresponding B-eigenvector the couple 6 (λ, y) ∈ K × K n which satisfies the conditions:
Then the Z-eigenvalues are exactly the particular B-eigenvalues obtained for
(for m even), and the H-and E-eigenvalues are the particular ones, for
Berwald-Moor and Chernov cases in R 4
In the following we describe the Z, H and E spectral data for the Berwald-Moor and the Chernov tensors, in the 4-dimensional case. Using [29 
}, with the associated Z-eigenvectors
⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ S λ=0 = {(x 1 , x 2 , x 3 , x 4 )|∃i < j; i, j ∈ 1, 4, ∃θ ∈ [0, 2π ), x i = cos θ, x j = sin θ, x k = 0, ∀k ∈ 1, 4\{i, j}} S λ=1/16 = {(x 1 , x 2 , x 3 , x 4 )|x 1 , x 2 , x 3 , x 4 ∈ {±1/2}, x 1 x 2 x 3 x 4 > 0}, S λ=−1/16 = {(x 1 , x 2 , x 3 , x 4 )|x 1 , x 2 , x 3 , x 4 ∈ {±1/2}, x 1 x 2 x 3 x 4 < 0}; (b) the H-eigenvalues of A are λ ∈ σ H (A) = {0, ± 1 4
}, with the H-eigenspaces
where {e k } k=1,4 is the canonical basis of R 4 ;
}, where the E-eigenspaces are formed of the previous associated real H-eigenspaces and the supplementary complex E-eigenspaces
The Z-spectra are tightly related to the geometric features of the Finslerian scaled indicatrix of the associated m-root structure, as follows: 7 By & we denote the taking into consideration of all the possible symmetric permutations of the four components of the vector. 8 Here ε ∈ {±i} and the sign remains constant along the description of each subspace.
provided by the eigenvectors associated to λ max , namely
As well, for the Chernov tensor (1.6) in R 4 , the three types of spectra are given by the following result: 
where θ ∈ {±1/ √ 21} and ε ∈ {(
(b) The H-eigenvalues of B are λ ∈ σ H (B) = {0, 1, −1/3}, with the associated H-eigenvectors
, 1}, where ε ∈ {(−3 ± i √
15)/6}
and θ ∈ {(−3 ± i √
15)/4}, with the E-eigenvectors given by the corresponding H-eigenvectors and the associated supplementary complex eigenvectors
A series of properties regarding recession vectors and rank, which were generically described in [29, Theorem 3, p. 1315], point out that in our cases the mixed action of the multilinear forms on vectors provide alternate descriptions of angles in the Berwald-Moor and Chernov 4-dimensional relativistic framework [25, 26] . Namely, we have the geometric correspondence between the pairwise actions of T and the corresponding polyangle for unit vectors:
Another geometric consequence is that the associated scaled indicatrix is not a cylinder. E.g., in H 4 , is the Tzitzeica surface given by : y 1 y 2 y 3 y 4 = c, which for c > 0 has 8 connected sheets. As well, the Chernov scaled indicatrix : 1≤i<j<k≤4 y i y j y k = c (c > 0) is non-void and unbounded.
Berwald-Moor, Chernov and Bogoslovsky cases in R 3
The 3-dimensional models determined by the Finsler metrics (1.3)-(1.9) prove to be useful to understanding the higher-dimensional related models provided by m-root symmetric Grobner polynomials [8, 17, 25, 26] . The 3-dimensional polyangles have been recently studied by Pavlov and Kokarev [27] . We shall further describe the spectra and corresponding eigenvectors of the Berwald-Moor (1. 
(b) The H-spectral data of the tensor are λ ∈ σ H = {0, 1/3} and
2}, with the E-eigenvectors given by the corresponding H-eigenvectors and the associated supplementary complex eigenvectors
where ω = exp(iπ/3). 
where D is defined at item (a). 
and admit as particular solution λ = 28/3 ∈ σ Z , S λ=28/3 = {(1, 1, 1)/ √ 3}.
(b) The H and E eigenvalues λ and the corresponding eigenvectors v = (a, b, c) of the Bogoslovsky tensor satisfy the nonlinear homogeneous system:
and admit as particular solution λ = 28 ∈ σ H ⊂ σ E , S λ=28 = Span{(1, 1, 1)}.
Asymptotic behavior of the Finsler indicatrix
The spectral data provide information on the asymptotic behavior of the Finsler indicatrix of the associated m-root Finsler structure. The main tools are the asymptotic rays, the degeneracy vectors and the base index associated to the symmetric tensor. We further provide a brief account on the existing theory and on the Berwald-Moor and Chernov cases, for the case R 4 .
Asymptotic rays and recession vectors
Definition 5.1.
(a) We say that the semi-line L = {αy|α ≥ 0} ⊂ R n with ||y|| = 1 is an asymptotic ray for T ∈ T 0 m (R n ) and : Ty m = c (c > 0) if αy ∈ , ∀α ≥ 0 and there exists a sequence of points 
It is known that any y-generated an asymptotic ray L of T satisfies Ty m = 0; as well there exists the following description of asymptotic rays:
Theorem 5.1 [29] . Let ||y|| = 1 and Ty m = 0. Then: 
(a) L is an asymptotic ray for T if and only if y does not belong to the set of recession vectors R
= {y ∈ R n |∀x ∈ R n , ∀α ∈ R, T(x + αy) m = Tx m }.
Degeneracy vectors and base index
We have the decomposition S 0 = R ⊕ S 0B , where S 0B = S 0 ∩ R ⊥ and S 0 = {y ∈ R 4 |Ty m = 0}. 
The following result provides a general characterization of degeneracy sets: Moreover, it was shown [3] that in the H 4 case, the characterization points [29, Theorem 9, p. 1325,30] coincide with the points previously described in (3.1).
As well, for the Chernov form (1.6) in R 4 , the only nontrivial degeneracy set is the ruled hypersurface
The chain of degeneracy sets reduces to: 
The best rank-one approximation
We define the best rank-one super-symmetric approximation of The best rank-one approximation has several notable applications in signal processing (e.g. [22, 23] 
Conclusions
The spectral properties of five symmetric tensors related to notable m-root geometric Finsler structures (Berwald-Moor, Chernov and Bogoslovsky) are studied. Their Z, H and E spectra and eigenspaces are determined. For the first two structures, in the 4-dimensional case, the degeneracy vectors, characterization points, rank, asymptotic rays, base index and the best rank-one approximation are investigated. The geometric relevance of the spectral properties of the multilinear forms is discussed, emphasizing the relation to the geometric properties of the Finsler associated indicatrix and to the poly-scalar product of the Berwald-Moor framework [5] [6] [7] 10, 12, [25] [26] [27] .
